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Abstract
The aim of this paper is to study the q-Laplace operator and q-harmonic
polynomials on the quantum complex vector space generated elements zi, wi,
i = 1, 2, · · · , n, on which the quantum group GLq(n) (or Uq(n)) acts. The q-
harmonic polynomials are defined as solutions of the equation ∆qp = 0, where p is
a polynomial in zi, wi, i = 1, 2, · · · , n, and the q-Laplace operator ∆q is determined
in terms of q-derivatives. The q-Laplace operator ∆q commutes with the action
of GLq(n). The projector Hm,m′ : Am,m′ → Hm,m′ is constructed, where Am,m′
and Hm,m′ are the spaces of homogeneous (of degree m in zi and of degree m
′
in wi) polynomials and homogeneous q-harmonic polynomials, respectively. By
using these projectors, a q-analogue of the classical zonal spherical and associ-
ated spherical harmonics are constructed. They constitute an orthogonal basis of
Hm,m′ . A q-analogue of separation of variables is given. The quantum algebra
Uq(gln), acting on Hm,m′ , determines an irreducible representation of Uq(gln).
This action is explicitly constructed. The results of the paper lead to the dual
pair (Uq(sl2), Uq(gln)) of quantum algebras.
I. INTRODUCTION
Laplace operators, harmonic polynomials, and related separations of variables of the
classical analysis are of a great importance for mathematical and theoretical physics.
They are closely related to the rotation groups SO(n) (if we deal with Euclidean space)
and to the unitary groups U(n) (if we deal with the complex vector space) (see, for
example, Ref. 1, Chaps. 10 and 11). In this paper we are interested in a q-analogue
of Laplace operators, harmonic polynomials, and related separations of variables on
complex spaces.
Harmonic polynomials on the n-dimensional complex vector space are defined by
the equation ∆p = 0, where ∆ is the Laplace operator
∑n
i=1 ∂
2/∂zi∂z¯i and p belongs
to the space R of polynomials in z1, · · · , zn, z¯1, · · · , z¯n on the complex space C
n. The
space H of all harmonic polynomials on Cn decomposes as a direct sum of the subspaces
Hm,m′ of homogeneous harmonic polynomials of degree m in z1, · · · , zn and of degree
m′ in z¯1, · · · , z¯n: H =
⊕∞
m,m′=0Hm,m′ . The Laplace operator ∆ on C
n commutes with
the natural action of the unitary group U(n) on the space Cn. This means that the
subspaces Hm,m′ are invariant with respect to U(n). The irreducible representation
Tm,m′ of the group U(n) with highest weight (m, 0, · · · , 0,−m
′) is realized on Hm,m′ .
The equation ∆p = 0 permits solutions in separated variables on the space Hm,m′ .
In other words, there exist different coordinate systems (spherical, polyspherical, etc.)
on Cn and for each of them it is possible to find the corresponding basis of the space
of solutions of the equation ∆p = 0 consisting of products of functions depending on
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separated variables (see Ref. 2 for the general theory of separation of variables). To
different coordinate systems there correspond different separations of variables. From
the other side, to different coordinate systems there correspond different chains of sub-
groups of the group U(n) (see Ref. 1, Chap. 11, for details of this correspondence). The
bases of the space Hm,m′ in separated variables consist of products of Jacobi polyno-
mials multipled by rm+m
′
(different sets of Jacobi polynomials for different separations
of variables), where r is the radius. These polynomials (considered only on the unit
sphere Sn−1
C
in Cn) are matrix elements of the class 1 (with respect to the subgroup
U(n− 1)) irreducible representations Tm,m′ of U(n) belonging to zero column (see Ref.
1, Chap. 11).
Many new directions of mathematical physics are related to quantum group and
noncommutative geometry. It is natural to generalize the above-described theory to
noncommutative spaces. Such generalizations can be of a great importance for fur-
ther development of some branches of mathematical and theoretical physics related to
noncommutative geometry.
The aim of this paper is to construct a q-deformation of the above-described clas-
sical theory. In the q-deformed case, instead of Cn we take the quantum complex
vector space. It is defined by the associative algebra A generated by the elements
z1, · · · , zn, w1, · · · , wn satisfying a certain natural defining relations. The elements
z1, · · · , zn play a role of Cartesian coordinates of C
n and w1, · · · , wn play a role of
z¯1, · · · , z¯n.
The q-Laplace operator ∆q on A is defined in terms of q-derivatives (see formula
(17) below). The quantum group Uq(n) play a role of the unitary group U(n) in the
q-deformed case. It will be convenient for us to use the quantum algebra (that is, the
quantized universal enveloping algebra) Uq(gln) instead of the quantum group Uq(n).
The q-harmonic polynomials on the quantum complex vector space are defined as el-
ements p of the algebra A (that is, polynomials in z1, · · · , zn, w1, · · · , wn) for which
∆qp = 0. By using the quantum algebra Uq(gln) we construct for q-harmonic polyno-
mials a theory similar to the theory for classical harmonic polynomials. We construct
the projector Hm,m′ : Am,m′ → Hm,m′ , where Am,m′ and Hm,m′ are the subspaces of
homogeneous (of degree m in z1, · · · , zn and of degree m
′ in w1, · · · , wn) polynomials in
A and in the space H of all q-harmonic polynomials from A, respectively. Using these
projectors we can make different calculations in Hm,m′ . In this way, zonal spherical and
associated spherical polynomials can be calculated. The associated spherical polynomi-
als of Hm,m′ constitute an orthogonal basis of this space. Here we obtain a q-analogue
of the spherical separation of coordinates. We show that the natural action of the al-
gebra Uq(gln) on the quantum complex vector space realizes on the space Hm,m′ the
irreducible representation of this algebra with highest weight (m, 0, · · · , 0,−m′). Note
that restrictions of zonal spherical and associated spherical polynomials from Hm,m′
to the quantum sphere in the quantum complex vector space coincide with matrix ele-
ments of irreducible representations Tm,m′ of the quantum group Uq(n) corresponding
to zero column (the latter matrix elements were calculated in Ref. 3; see also Ref. 4).
Some our formulas coincide with formulas of Ref. 3. However, no Laplace operator and
no q-harmonic polynomials are presented in Ref. 3.
Note that this paper is an extension of the results of our previous paper (see Ref.
5) (where we studied q-Laplace operator and q-harmonic polynomials on the quantum
real vector space) to the case of quantum complex vector space. It is well known that
in the classical case, the theory of Laplace operators and harmonic polynomials on Cn
can be reduced to the corresponding theory for the real space R2n (see Ref. 1, Chap.
2
11). It is not the case for the quantum spaces. The reason is that the quantum complex
vector space cannot be obtained from the quantum real vector space in the same way
as in the classical case.
Everywhere below we suppose that q is not a root of unity. Under considering a
scalar product on the spaces A and H we assume that q is a positive real number. By
[a], a ∈ C, we denote the so called q-number defined as
[a] =
qa − q−a
q − q−1
.
II. THE QUANTUM ALGEBRA Uq(gln) AND THE QUANTUM VECTOR SPACE
The Drinfeld–Jimbo quantum algebra Uq(gln) is generated by the elements k
1/2
i ≡
qhi/2, k
−1/2
i ≡ q
−hi/2, i = 1, 2, · · · , n, and ej , fj, j = 1, 2, · · · , n − 1, satisfying the
relations
kik
−1
i = k
−1
i ki = 1, kikj = kjki, kiejk
−1
i = q
aijej , kifjk
−1
i = q
−aijfj ,
[ei, fj] ≡ eifj − fjei = δij
kik
−1
i+1 − k
−1
i ki+1
q − q−1
,
e2i ei±1 − (q + q
−1)eiei±1ei + ei±1e
2
i = 0,
f2i fi±1 − (q + q
−1)fifi±1fi + fi±1f
2
i = 0,
[ei, ej ] = [fi, fj] = 0, |i− j| > 1,
+where aii = 1, ai,i−1 = ai−1,i = −1 and aij = 0 otherwise (see, for example, Ref. 6,
Chap. 6).
The algebra Uq(gln) is a Hopf algebra, and the Hopf algebra operations (comultipli-
cation ∆, counit ε and antipode S) are given by the formulas
∆(k±1i ) = k
±1
i ⊗ k
±1
i , ∆(ei) = ei ⊗ k
−1/2
i k
1/2
i+1 + k
1/2
i k
−1/2
i+1 ⊗ ei,
∆(fi) = fi ⊗ k
−1/2
i k
1/2
i+1 + k
1/2
i k
−1/2
i+1 ⊗ fi, ε(ki) = 1, ε(ei) = ε(fi) = 0,
S(ki) = k
−1
i , S(ei) = −q
−1ei, S(fi) = −qfi.
The group GL(n,C) and its Lie algebra gl(n,C) act linearly on the n-dimensional
complex vector space. Similarly, the quantum group GLq(n,C) and the algebra Uq(gln)
acts on the quantum (noncommutative) analogue of the complex vector space. This
quantum space is determined by the algebra of polynomialsA ≡ Cq[z1, · · · , zn, w1, · · · , wn]
(see Ref. 7). This algebra is the associative algebra generated by elements z1, z2, · · · , zn,
w1, w2, · · · , wn satisfying the defining relations
zizj = qzjzi, wiwj = q
−1wjwi, i < j, (1)
wjzi = qziwj , i 6= j, i, j = 1, 2, · · · , n, (2)
wkzk = zkwk + (1− q
2)
k−1∑
s=1
zsws. (3)
The elements w1, · · · , wn play a role of z1, · · · , zn in the classical analysis.
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A ∗-operation can be defined on the algebra A turning it into a ∗-algebra. This
∗-operation is uniquely determined by the relations z∗i = wi, w
∗
i = zi, i = 1, 2, · · · , n.
The compact quantum group Uq(n) acts on this ∗-algebra.
Note that the relations (3) are equivalent to the following ones:
zkwk = wkzk − (1− q
2)
k−1∑
s=1
q2(k−s−1)wszs. (4)
The set of all monomials
zr11 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n , rj , sj = 0, 1, 2, · · · , (5)
form a basis of the algebra A (see Ref. 8). The set
wr11 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n , rj , sj = 0, 1, 2, · · · , (6)
also form a basis of this algebra.
The vector space of the algebra A can be represented as a direct sum of the vector
subspaces Am,m′ consisting of homogeneous polynomials of homogeneity degree m in
z1, z2, · · · , zn and of homogeneity degree m
′ in w1, w2, · · · , wn, m,m
′ = 0, 1, 2, · · ·:
A =
∞⊕
m=0
∞⊕
m′=0
Am,m′ . (7)
We have the linear space isomorphism
A ≃ Az ⊗Aw,
where the associative algebra Az (the associative algebra Aw) is a subalgebra of A
coinciding with
⊕∞
m=0Am,0 (respectively, with
⊕∞
m′=0A0,m′).
We can define an action of the algebra Uq(gln) on the vector space A. To determine
this action we give the action of Uq(gln) on zj and wj by the formulas
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ki ⊲ zj = q
δij zj, ei ⊲ zj = δj,i+1zj−1, fi ⊲ zj = δj,izj+1, (8)
ki ⊲ wj = q
−δijwj , ei ⊲ wj = −δj,iq
−1wj+1, fi ⊲ wj = −δj,i+1qwj−1. (9)
and extend it to A by using the comultiplication, that is, by means of the relation
X ⊲ (p1p2) =
∑
(X(1) ⊲ p1)(X(2) ⊲ p2),
where ∆(X) =
∑
X(1) ⊗X(2) (in the Sweedler notation), and linearity.
This action of the algebra Uq(gln) on the vector space A determines a representation
of Uq(gln) on this space (we denote it by L). Evidently, the subspaces Am,m′ are
invariant with respect to this action. Therefore, L determines representations of Uq(gln)
on these subspaces, which are denoted by Lm,m′. We have L =
⊕∞
m,m′=0 Lm,m′ .
3. OPERATORS ON THE ALGEBRA A
In order to introduce the q-Laplace operator on A and to study q-harmonic poly-
nomials we need some operators on the linear space of the algebra A. By γi and γ¯i we
denote the linear operators acting on monomials as
γi(z
r1
1 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n ) = q
rizr11 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n ,
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γ¯i(w
r1
1 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n ) = q
riwr11 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n .
Definition of the operators γ−1i an γ¯
−1
i is obvious.
By zˆi and z˘i we denote the linear operators of multiplication by the element zi:
zˆi(z
r1
1 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n ) = ziz
r1
1 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n ,
z˘i(z
r1
1 z
r2
2 · · · z
rn
n w
s1
1 w
s2
2 · · ·w
sn
n ) = z
r1
1 z
r2
2 · · · z
rn
n ziw
s1
1 w
s2
2 · · ·w
sn
n .
The corresponding linear operators wˆi and w˘i are defined as
wˆi(w
r1
1 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n ) = wiw
r1
1 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n ,
w˘i(w
r1
1 w
r2
2 · · ·w
rn
n z
s1
1 z
s2
2 · · · z
sn
n ) = w
r1
1 w
r2
2 · · ·w
rn
n wiz
s1
1 z
s2
2 · · · z
sn
n .
We define on A the q-differentiations ∂i and ∂¯i. The linear operators ∂i act as
∂ip = 0 on monomials p of the form (5) not containing zi and as
∂i = z˘
−1
i
γi − γ
−1
i
q − q−1
(10)
on monomials containing zi. The q-differentiations ∂¯i are linear operators acting as
∂¯ip = 0 on monomials p of the form (6) not containing wi and as
∂¯i = w˘
−1
i
γ¯i − γ¯
−1
i
q − q−1
(11)
on monomials containing wi.
The action formulas (8) and (9) mean that the multiplication operators zˆj , j =
1, 2, · · · , n, and wˆj , j = 1, 2, · · · , n, constitute tensor operators transforming under the
vector representation and under the contragredient to the vector representation, respec-
tively.
The actions (8) and (9) of Uq(gln) on zj and wj determines its action on the operators
∂j and ∂¯j :
ki ⊲ ∂j = q
−δij∂j , ei ⊲ ∂j = −δj,iq
−1∂j+1, fi ⊲ ∂j = −δj,i+1q∂j−1, (12)
ki ⊲ ∂¯j = q
δij ∂¯j , ei ⊲ ∂¯j = δj,i+1q
−2∂¯j−1, fi ⊲ ∂¯j = δj,iq
2∂¯j+1. (13)
That is, the set ∂¯j , j = 1, 2, · · · , n, (respectively, the set ∂j , j = 1, 2, · · · , n) is a tensor
operator transforming under vector (respectively, contragredient to vector) representa-
tion.
The operators ∂i, ∂¯i, zˆi, wˆi satisfy the relations, which will be presented by means
of the quantum R-matrix R for the quantum algebra Uq(gln) (see, for example, Refs.
6, section 8.1, and 7 for definition of the R-matrix). Let R = PR, where the matrix P
permutes the spaces in the tensor product of two spaces on which R-matrix acts. Then
R
ij
kl = q
δijδilδjk + (q − q
−1)δikδjlθ(j − i),
where θ(k) = 1 if k > 0 and θ(k) = 0 if k ≤ 0. Its inverse matrix is(
R−1
)ij
kl
= q−δij δilδjk − (q − q
−1)δikδjlθ(i − j).
We also need the matrix Φijkl = R
ji
lkq
2(i−l), which satisfy the relations∑
j,l
Φulpj
(
R−1
)ji
lk
=
∑
j,l
(
R−1
)ul
pj
Φjilk = δupδik,
5
∑
l
Φlilk = δikq
2(n−i)+1,
∑
k
Φjklk = δjlq
2l−1.
The relations (1)–(3) rewritten for operators zˆi and wˆi can be presented as
zˆizˆj = q
−1Rklij zˆkzˆl, wˆiwˆj = q
−1R
ji
lkwˆkwˆl, wˆizˆj = q
(
R−1
)ik
jl
zˆkwˆl,
We also have the relations
∂i∂j = q
−1R
ji
lk∂k∂l, ∂¯i∂¯j = q
−1Rklij ∂¯k∂¯l, ∂i∂¯j = q
−1Φkilj ∂¯k∂l,
∂iwˆj = q
(
R−1
)ji
lk
wˆk∂l, ∂¯izˆj = qΦ
lk
ji zˆk∂¯l,
∂izˆj = γ
∓1δij + (R
±1)ikjl zˆk∂l, ∂¯iwˆj = γ¯
∓1δij + (R
±1)ljkiwˆk∂¯l,
which can be represented in the form
∂i∂j = q
−1∂j∂i, ∂¯i∂¯j = q∂¯j ∂¯i, i < j,
∂¯i∂j = q∂j ∂¯i, i 6= j, ∂¯i∂i = ∂i∂¯i + (1 − q
2)
∑
k>i
∂k∂¯k,
∂i∂¯i = ∂¯i∂i + (1− q
−2)
∑
k>i
q2(k−i)∂¯k∂k.
∂iwˆi = wˆi∂i, ∂iwˆj − qwˆj∂i = (1 − q
2)wˆi∂j , ∂jwˆi = qwˆi∂j , i < j,
∂¯izˆi = zˆi∂¯i, ∂¯izˆj − q
−1zˆj ∂¯i = (1 − q
−2)q2(j−i) zˆi∂¯j , ∂¯j zˆi = q
−1zˆi∂¯j , i < j,
∂izˆj = zˆj∂i, ∂¯iwˆj = wˆj ∂¯i, i 6= j,
∂izˆi = qzˆi∂i + (q − q
−1)
∑
k>i
zˆk∂k + γ
−1 = q−1zˆi∂i − (q − q
−1)
∑
k<i
zˆk∂k + γ,
∂¯iwˆi = qwˆi∂¯i + (q − q
−1)
∑
k<i
wˆk ∂¯k + γ¯
−1 = q−1wˆi∂¯i − (q − q
−1)
∑
k>i
wˆk∂¯k + γ¯,
where γ = γ1γ2 · · · γn and γ¯ = γ¯1γ¯2 · · · γ¯n. From last two lines, we obtain
n∑
k=1
zˆk∂k = {γ} ≡
γ − γ−1
q − q−1
,
n∑
k=1
wˆk∂¯k = {γ¯} ≡
γ¯ − γ¯−1
q − q−1
,
We also have the relations
γzˆi = qzˆiγ, γwˆi = wˆiγ, γ¯zˆi = zˆiγ¯, γ¯wˆi = qwˆiγ¯,
γ∂i = q
−1∂iγ, γ∂¯i = ∂¯iγ, γ¯∂i = ∂iγ¯, γ¯∂¯i = q
−1∂¯iγ¯.
Note that
γp = qmp, γ¯p = qm
′
p, p ∈ Am,m′ . (14)
To compare these relations with known from literature, we introduce the operators
∂′i = γ∂i, ∂¯
′
i = γ¯
−1∂¯i. Then the operators zˆi, wˆi, ∂
′
i, ∂¯
′
i, i = 1, · · · , n, satisfy the
relations from Ref. 9 which are known to be covariant with respect to Uq(gln).
Note that the above elements zˆ1, · · · zˆn, ∂
′
1, · · · , ∂
′
n generate the q-Weyl algebra, that
is, they satisfy the relations
zˆizˆj = qzˆj zˆi, ∂
′
i∂
′
j = q
−1∂′j∂
′
i i < j, ∂
′
izˆj = qzˆj∂
′
i, i 6= j,
6
∂′izˆi − q
2zˆi∂
′
i = 1 + (q
2 − 1)
∑
j>i
zˆj∂
′
j
(the definition of the q-Weyl algebra see, for example, in Ref. 6, Chap. 12). Similarly,
the elements wˆ1, · · · wˆn, ∂¯
′
1, · · · , ∂¯
′
n generate the q
−1-Weyl algebra.
The operators D :=
∑n
k=1 zˆk∂k and D¯ :=
∑n
k=1 wˆk ∂¯k are called the q-Euler opera-
tors. The formula (7) gives the decomposition of A into a direct sum of eigenspaces of
the operators D and D¯.
Let us show that the above relations for the operators ∂i, ∂¯i, zˆi, wˆi determine uniquely
the formulas (10) and (11) for ∂i, ∂¯i. We use the action formulas ∂i1 = ∂¯i1 = 0, take
into account that zˆi, wˆi act as the operators of left multiplication on the basis elements
(5) and (6), respectively, and γ, γ¯ are gradation operators on A (see (14)). By means of
commutation relations between ∂i and wˆj , it is easy to obtain that ∂iw
s1
1 w
s2
2 · · ·w
sn
n = 0.
To calculate ∂i(z
ri
i w
s1
1 w
s2
2 · · ·w
sn
n ) with ri > 0, we use the relation
∂izˆi = qzˆi∂i + (q − q
−1)
∑
k>i
zˆk∂k + γ
−1.
It gives ∂i(z
ri
i w
s1
1 w
s2
2 · · ·w
sn
n ) = [ri]z
ri−1
i w
s1
1 w
s2
2 · · ·w
sn
n . Finally, we have the action
formula
∂i(z
r1
1 · · · z
ri
i · · · z
rn
n w
s1
1 · · ·w
sn
n ) =
= qri(ri+1+···+rn)∂i(z
r1
1 · · · z
ri−1
i−1 z
ri+1
i+1 · · · z
rn
n z
ri
i w
s1
1 · · ·w
sn
n ) =
= qri(ri+1+···+rn)zˆr11 · · · zˆ
ri−1
i−1 zˆ
ri+1
i+1 · · · zˆ
rn
n ∂i(z
ri
i w
s1
1 · · ·w
sn
n ) =
= qri+1+···+rn [ri]z
r1
1 · · · z
ri−1
i · · · z
rn
n w
s1
1 · · ·w
sn
n ,
which exactly coincides with the action (10). The action formula for ∂¯i is recovered in
a similar way.
The action of the algebra Uq(gln) on A ≃ Az⊗Aw, defined by formulas (8) and (9),
can be determined in terms of the operators ∂i and ∂¯j . We first note that the action of
Uq(gln) on Az is given by the operators
L(ki) = γi, L(ei) = q
−1/2(γiγi+1)
1/2z˘i∂i+1, L(fi) = q
1/2(γiγi+1)
−1/2z˘i+1∂i
and on Aw by the operators
L(ki) = γ¯
−1
i , L(ei) = −q
−3/2(γ¯iγ¯i+1)
1/2w˘i+1∂¯i, L(fi) = −q
3/2(γ¯iγ¯i+1)
−1/2w˘i∂¯i+1.
Taking into account the comultiplication on Uq(gln) the action of Uq(gln) on the linear
space A ≃ Az ⊗Aw can be written as L(ki) = γi ⊗ γ¯
−1
i and
L(ei) = q
−1/2(γiγi+1)
1/2z˘i∂i+1 ⊗ (γ¯iγ¯
−1
i+1)
1/2 − q−3/2(γiγ
−1
i+1)
1/2 ⊗ (γ¯iγ¯i+1)
1/2w˘i+1∂¯i,
L(fi) = q
1/2(γiγi+1)
−1/2z˘i+1∂i ⊗ (γ¯iγ¯
−1
i+1)
1/2 − q3/2(γiγ
−1
i+1)
1/2 ⊗ (γ¯iγ¯i+1)
−1/2w˘i∂¯i+1.
IV. SQUARED q-RADIUS AND q-LAPLACE OPERATOR
The element
Q =
n∑
i=1
ziwi =
n∑
i=1
q2(n−i)wizi ∈ A1,1 (15)
7
of the algebra A is called the squared q-radius on the quantum complex vector space. It
is an important element inA. One can check by a direct computation thatQ is invariant
with respect to the representation L1,1 (and hence with respect to the representation L),
that is, L(k±1i )Q = Q, L(ej)Q = 0 and L(fj)Q = 0. Similarly, the element Q
k ∈ Ak,k
is invariant with respect to the representation Lk,k.
The squared q-radius Q belongs to the center of the algebra A, that is, Qzi = ziQ,
Qwi = wiQ, i = 1, 2, · · · , n. We shall also use the elements
Qj =
j∑
i=1
ziwi =
j∑
i=1
q2(j−i)wizi,
which are squared q-radiuses for the subalgebras Cq[z1, w1, · · · , zj , wj ]. They satisfy the
relations8
QjQi = QiQj, ziwi = Qi −Qi−1, wizi = Qi − q
2Qi−1,
ziQj = q
−2Qjzi, wiQj = q
2Qjwi for i > j,
ziQj = Qjzi, wiQj = Qjwi for i ≤ j.
It can be checked8 by direct computation that
zki w
k
i = Q
k
i
(
Qi−1/Qi; q
−2
)
k
, wki z
k
i = Q
k
i
(
q2Qi−1/Qi; q
2
)
k
, (16)
where
(a; q)s = (1 − a)(1− aq) · · · (1− aq
s−1).
We consider on A the operator
∆q = ∂1∂¯1 + ∂2∂¯2 + · · ·+ ∂n∂¯n =
n∑
i=1
q2(i−1)∂¯i∂i, (17)
which is called the q-Laplace operator on the quantum complex vector space. Since
γ∆q = q
−1∆qγ and γ¯∆q = q
−1∆q γ¯, then ∆q : Am,m′ → Am−1,m′−1.
To the element (15) there corresponds the operator Qˆ on A defined as
Qˆ = zˆ1wˆ1 + zˆ2wˆ2 + · · ·+ zˆnwˆn.
Proposition 1: The operators ∆q and Qˆ satisfy the relations
∆qQˆ
k − Qˆk∆q = q
n−1Qˆk−1[k]{qk+n−1γγ¯}, (18)
∆q(Q
k) = qn−1Qk−1[k][k + n− 1], (19)
where
{a} =
a− a−1
q − q−1
and [r] ≡ {qr} is a q-number.
Proof: First we prove the relation [∆q, Qˆ] = q
n−1{qnγγ¯}. Using relations of section
III we derive
∆qQˆ =
∑
k,l
∂k∂¯kzˆlwˆl =
∑
k,l,i,j
∂k
(
q−1Φjilkzˆi∂¯j
)
wˆl
8
=
∑
k,l,i,j
q−1Φjilk
(
δikγ
−1 +
∑
r,s
Rkris zˆr∂s
)
∂¯jwˆl
=
∑
k,l,j
q−1Φjklk γ
−1∂¯jwˆl +
∑
k,l,i,j,r,s
q−1ΦjilkR
kr
is zˆr∂s
(
δjlγ¯ +
∑
u,p
(
R−1
)ul
pj
wˆp∂¯u
)
=
∑
l
q2l−2γ−1∂¯lwˆl +
∑
i,r,s
q2(n−i)Ririszˆr∂sγ¯ +
∑
k,i,r,s
q−1Rkris zˆr∂swˆi∂¯k.
The third summand is equal to∑
k,i,r,s
q−1Rkris zˆr∂swˆi∂¯k =
∑
k,i,r,s
q−1Rkris zˆr
(
q
∑
u,p
(
R−1
)is
pu
wˆu∂p
)
∂¯k = Qˆ∆q.
Using explicit expressions for matrix elements of R and R−1 we have∑
i
q2(n−i)Riris = q
2n−1δrs,
∑
l
q2l−2
(
R−1
)ul
pl
= q−1δpu,
∑
l
q2l−2∂¯lwˆl =
∑
l
q2l−2
(
γ¯ +
∑
u,p
(
R−1
)ul
pl
wˆp∂¯u
)
= qn−1[n]γ¯ + q−1
∑
p
wˆp∂¯p = q
n−1[n]γ¯ + q−1{γ¯} = qn−1{qnγ¯}
Thus, [∆q, Qˆ] = q
n−1γ−1{qnγ¯} + q2n−1{γ}γ¯ = qn−1{qnγγ¯}. Now, it is easy to ob-
tain (18) by induction if to use the relation {qrγγ¯}Qˆ = Qˆ{qr+2γγ¯} and the explicit
expression for {a}. Acting by both sides of (18) on 1 we obtain (19).
Proposition 2: The operators ∆q and Qˆ commute with the action of the algebra
Uq(gln) on A, that is, with all operators of the representation L of Uq(gln).
Proof: It follows from (12) and (13) that ki ⊲∆q = ∆q, ej ⊲∆q = 0 and fj ⊲∆q = 0.
Now using the comultiplication for ki, ej and fj , we obtain the proposition for the
q-Laplace operator. For Qˆ the proposition is proved similarly.
V. q-HARMONIC POLYNOMIALS
A polynomial p ∈ A is called q-harmonic if ∆qp = 0. The linear subspace of A
consisting of all q-harmonic polynomials is denoted by H. Let
Hm,m′ = Am,m′ ∩H.
Proposition 3: The space Am,m′ can be represented as the direct sum
Am,m′ = Hm,m′ ⊕QAm−1,m′−1. (20)
Proof: First we prove that Hm,m′ ∩QAm−1,m′−1 = {0}. If it is not true, then there
exists nonzero element p ∈ Hm,m′ ∩QAm−1,m′−1. Let k be a maximal integer such that
p = Qkp′ with some nonzero polynomial p′. Then it follows from ∆q(p) = 0 and (18)
that
0 = ∆q(Q
kp′) = Qk∆q(p
′) +Qk−1qn−1[k][k + n− 1 +m+m′ − 2k]p′.
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Since qn−1[k][k + n − 1 + m + m′ − 2k] 6= 0, then p′ can be divided by Q. This is
a contradiction. Thus, Hm,m′ ∩ QAm−1,m′−1 = {0}. Using this fact and the equal-
ity ker∆q = Hm,m′ , where ∆q is considered only on Am,m′ , we obtain the chain of
inequalities
dimAm,m′ − dim ker∆q ≥ dimQAm−1,m′−1 = dimAm−1,m′−1 ≥ dim im∆q.
The last inequality follows from the fact that ∆q : Am,m′ → Am−1,m′−1. Now we take
into account the relation dimker∆q+dim im∆q = dimAm,m′ . Thus, in fact, the above
inequalities are exact equalities, and Am,m′ = Hm,m′ ⊕ QAm−1,m′−1. Proposition is
proved.
Remark: If n = 1, then A consists of all polynomials in commuting elements z1 and
w1. In this case, the space H of q-harmonic polynomials has a basis consisting of the
polynomials
1, zk1 , w
k
1 , k = 1, 2, · · · . (21)
The decomposition (20) has also the following consequences:
Corollary 1: If p ∈ Hm,m′ , then p cannot be represented as p = Q
kp′, k 6= 0, with
some polynomial p′.
Corollary 2: The space Am,m′ decomposes into the direct sum
Am,m′ =
min(m,m′)⊕
j=0
QjHm−j,m′−j . (22)
Corollary 3: For dimension of the space of q-harmonic polynomials Hm,m′ we have
the formula
dim Hm,m′ =
(m+ n− 2)!(m′ + n− 2)!(m+m′ + n− 1)
(n− 1)!(n− 2)!m!m′!
.
Corollary 4: The space of q-harmonic polynomials H can be represented in the form
of a direct sum
H =
∞⊕
m=0
∞⊕
m′=0
Hm,m′ .
Corollary 1 is a direct consequence of formula (20). Corollary 2 easily follows from
repeated application of (20). Corollary 3 is proved in the same way as in the classical
case (see, for example, Ref. 1, Chap. 10). For this we note that
dim Am,m′ =
(n+m− 1)!(n+m′ − 1)!
(n− 1)!2m!m′!
.
Hence, for dim Hm,m′ = dim Am,m′ − dim Am−1,m′−1 we obtain the expression stated
in the corollary. In order to prove Corollary 4 we note that
A =
⊕
m≥0
⊕
m′≥0
p⊕
j=0
QjHm−j,m′−j =
⊕
m≥0
⊕
m′≥0

Hm,m′⊕( p⊕
j=1
QjHm−j,m′−j
) ,
where p = min(m,m′). Now Corollary 4 follows from here and Corollary 1.
Theorem 1: The linear space isomorphism A ≃ C[Q] ⊗ H is true, where C[Q] is
the space of all polynomials in Q.
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This theorem follows from Corollary 2.
The decomposition A ≃ C[Q] ⊗H is a q-analogue of the theorem on separation of
variables for Lie groups in an abstract form10. It follows from this decomposition that
A ≃ C[Q]⊗H ≃ C[Q]⊗
⊕
m≥0
⊕
m′≥0
Hm,m′ =
⊕
m≥0
⊕
m′≥0
(C[Q]⊗Hm,m′) . (23)
Since the subspaces Am,m′ are invariant with respect to the action of the algebra
Uq(gln), it follows from Proposition 2 for ∆q that the subspace Hm,m′ is invariant
with respect to the representation Lm,m′ of Uq(gln). We denote the restriction of this
representation to Hm,m′ by Tm,m′ . It follows from Proposition 2 for Q and from (22)
that
Lm,m′ =
min(m,m′)⊕
j=0
Tm−j,m′−j . (24)
Proposition 4: The representations Tm−j,m′−j of Uq(gln) in (24) are irreducible with
highest weights (m− j, 0, · · · , 0,−m′ + j), respectively.
Proof: Let us show that the representation Lm,0 = Tm,0 in the space of holomor-
phic polynomials Am,0 is irreducible with highest weight (m, 0, · · · , 0). In fact, a direct
calculation shows that the monomials zm11 · · · z
mn
n , m1 + · · · + mn = m, are weight
vectors of this representation. The highest weight vector coincides with zm1 . Therefore,
the irreducible representation with highest weight (m, 0, · · · , 0) is a subrepresentation
of Lm,0 = Tm,0. Since their dimensions coincide, Lm,0 = Tm,0 is an irreducible rep-
resentation with highest weight (m, 0, · · · , 0). It can be proved in the same way that
the representation L0,m′ = T0,m′ in the space of polynomials A0,m′ is irreducible with
highest weight (0, · · · , 0,−m′).
Now we can prove the proposition by the induction. Assume that the proposition is
true for the representations Tm−1−j,m′−1−j which are contained in the decomposition
Lm−1,m′−1 =
min(m−1,m′−1)⊕
j=0
Tm−1−j,m′−1−j . (25)
Note that since Am,m′ = Hm,m′ ⊕QAm−1,m′−1, then Lm−1,m′−1 is a subrepresentation
in Lm,m′ and
dimAm−1,m′−1 = dimLm−1,m′−1 =
min(m−1,m′−1)∑
j=0
dimTm−1−j,m′−1−j .
The space Am,m′ contains the highest weight vector z
m
1 w
m′
n which is of the weight
(m, 0, · · · , 0,−m′). Therefore, Lm,m′ contains an irreducible representation Tˆm,m′ of
Uq(gln) with highest weight (m, 0, · · · , 0,−m
′). This irreducible representation is absent
in the decomposition (25). Hence, Tˆm,m′ is a subrepresentation in Tm,m′ . By the
formula for dimensions of irreducible representations of Uq(gln) and by Corollary 3 we
have dim Tˆm,m′ = dimHm,m′ . Therefore, Tˆm,m′ is equivalent to Tm,m′ . Proposition is
proved.
Thus, we proved that the action of the algebra Uq(gln) on the space A realizes the
irreducible representations Tm,m′ on the subspaces Hm,m′ of homogeneous q-harmonic
polynomials, respectively.
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We denote by AUq(gln) the space of elements of A consisting of invariant elements
with respect to the action of Uq(gln).
Proposition 5: We have AUq(gln) = C[Q] and
AUq(gln−1) ≃
⊕
k,l
C[Qn−1]z
k
nw
l
n ≃
⊕
k,l
C[Q]zknw
l
n.
Proof: The formula (23) leads to the decomposition of the representation L on A into
irreducible subrepresentations of Uq(gln) (the representation multiple to the irreducible
representation Tm,m′ is realized on C[Q] ⊗ Hm,m′). Since the trivial representation of
Uq(gln) is realized only on H0,0, then A
Uq(gln) coincides with C[Q]⊗H0,0 ≡ C[Q]⊗C ≃
C[Q].
In order to prove the second equality we note that for Uq(gln−1)-module A we have
A = Cq[z1, w1, · · · , zn, wn] =
⊕
k,l
Cq[z1, w1, · · · , zn−1, wn−1]z
k
nw
l
n.
The action of the subalgebra Uq(gln−1) on monomials z
k
nw
l
n is trivial. Moreover,
C[z1, w1, · · · , zn−1, wn−1]
Uq(gln−1) = C[Qn−1], where Qn−1 = z1w1 + · · · + zn−1wn−1.
Since Q = Qn−1 + znwn, we have A
Uq(gln−1) ≃
⊕
k,l C[Qn−1]z
k
nw
l
n ≃
⊕
k,l C[Q]z
k
nw
l
n.
Proposition is proved.
VI. THE DUAL PAIR (Uq(sl2), Uq(gln))
The formulas
ke = q2ek, kf = q−2fk, ef − fe =
k − k−1
q − q−1
(26)
determine the quantum algebra Uq(sl2) generated by the elements k, k
−1, e, f . Let L(A)
be the space of linear operators on the algebra A. It is directly verified by means of
formula (18) that the operators
ω(k) = qnγγ¯, ω(e) = q−n+1Qˆ, ω(f) = −∆q (27)
satisfy relations (26). This means that the algebra homomorphism ω : Uq(sl2)→ L(A)
uniquely determined by formulas (27) is a representation of Uq(sl2).
Since the operators ω(k), ω(e), ω(f) commute with the operators L(X), X ∈ Uq(gln)
we can introduce the representation ω×L of the algebra Uq(sl2)×Uq(gln) on A, where
L is the above defined natural action of Uq(gln) on A. This representation is reducible.
Let us decompose it into irreducible constituents.
By (23), we have A =
⊕
m,m′≥0(C[Q] ⊗Hm,m′). The subspaces C[Q]⊗Hm,m′ are
invariant under Uq(sl2) × Uq(gln), since the space C[Q] is elementwise invariant under
Uq(gln), and for f ∈ C[Q] and hm,m′ ∈ Hm,m′ we have
Qˆ(f(Q)⊗ hm,m′) = Qf(Q)⊗ hm,m′ , (28)
∆q(Q
r ⊗ hm,m′) = q
n−1[r][r +m+m′ + n− 1]Qr−1 ⊗ hm,m′ , (29)
γγ¯(Qr ⊗ hm,m′) = q
2r+m+m′(Qr ⊗ hm,m′). (30)
These formulas show that Uq(sl2) acts on C[Q] and Uq(gln) acts on Hm,m′ . However,
this action of Uq(sl2) depends on the component Hm,m′ . Taking the basis
|r〉 := q−r(n−1)[r +m+m′ + n− 1]!−1Qr, r = 0, 1, 2, · · · ,
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in the space C[Q], we find from (28)–(30) that
ω(k)|r〉 = q2r+m+m
′+n|r〉 ω(f)|r〉 = −[r]|r − 1〉,
ω(e)|r〉 = [r +m+m′ + n]|r + 1〉.
Comparing this representation with the known irreducible representations of Uq(sl2)
(see, for example, Ref. 11) we derive that the irreducible representation of Uq(sl2) of
the discrete series with lowest weight m+m′ + n is realized on the component C[Q] of
the space C[Q]⊗Hm,m′ . We denote this representation of Uq(sl2) by Dm+m′+n.
Thus, we have derived that on the subspace C[Q] ⊗ Hm,m′ ⊂ A the irreducible
representation Dm+m′+n × Tm,m′ of the algebra Uq(sl2) × Uq(gln) acts. This means
that for the reducible representation ω ⊗ L we have the following decomposition into
irreducible components:
ω × L =
∞⊕
m,m′=0
Dm+m′+n × Tm,m′ ,
that is, each irreducible representation of Uq(gln) in this decomposition determines
uniquely the corresponding irreducible representation of Uq(sl2) and vise versa. This
means that Uq(sl2) and Uq(gln) constitute a dual pair under the action on A.
VII. RESTRICTION OF q-HARMONIC POLYNOMIALS ONTO THE QUANTUM SPHERE
The associative algebra F(SCq,n−1) generated by the elements z1, · · · , zn, w1, · · · , wn
satisfying the relations (1)–(3) and the relation
z1w1 + z1w1 + · · ·+ znwn = 1
is called the algebra of functions on the quantum sphere SCq,n−1 (see Refs. 6, Chap. 11,
and 7). It is clear that the following canonical algebra isomorphism has place:
F(SCq,n−1) ≃ A/I,
where I is the two-sided ideal of A generated by the element Q− 1 ≡
∑
i ziwi − 1. We
denote by τ the canonical algebra homomorphism
τ : A → A/I ≃ F(SCq,n−1).
This homomorphism is called the restriction of polynomials of A onto the quantum
sphere SCq,n−1.
Proposition 6: We have τH ≃ F(SCq,n−1). This means that τ : H → F(S
C
q,n−1) is
a one-to-one mapping, that is, the restriction of a q-harmonic polynomial to the sphere
SCq,n−1 determines this polynomial uniquely.
Proof: By Theorem 1, we have F(SCq,n−1) = τA = τ(C[Q] ⊗ H) = τH. Since Q
is invariant with respect to the action of the algebra Uq(gln), then the ideal I is an
invariant subspace under the action of Uq(gln) on A. Therefore, an action of Uq(gln)
on A/I is defined. This action coincides with the action in Ref. 8. The homomorphism
τ intertwines the action of Uq(gln) on A and on A/I. Since τHm,m′ 6= {0}, then the
action of Uq(gln) realizes the same irreducible representation on Hm,m′ and on τHm,m′ .
This means that dim Hm,m′ = dim τHm,m′ , that is, the mapping τ is one-to-one on
Hm,m′ . Therefore, it is one-to-one on H. Proposition is proved.
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Proposition 6 allows us to determine a scalar product on H. For this, we use the
invariant functional h on the quantum sphere defined in Ref. 8, section 4.2. This func-
tional h is determined by introducing a linear gradation in τA: τA =
∑
λ∈Zn(τA)
λ,
where (τA)λ = {p ∈ τA | p(tz, t−1w) = tλp(z,w)}, t = (t1, t2, · · · , tn) are n indeter-
minates, and
tz = (t1z1, · · · , tnzn), t
−1w = (t−11 w1, · · · , t
−1
n wn), t
λ = tλ11 · · · t
λn
n .
The subalgebra (τA)0 is spanned by the monomials zµ11 · · · z
µn
n w
µn
n · · ·w
µ1
1 (or by the
monomials wµ11 · · ·w
µn
n z
µn
n · · · z
µ1
1 ), µi = 0, 1, 2, · · ·. The functional h is defined as a
linear mapping h : τA → C such that h(p) = 0 if p ∈ ((τA)λ, λ 6= 0, and
h(wµ11 · · ·w
µn
n z
µn
n · · · z
µ1
1 ) =
(q2; q2)µ1 · · · (q
2; q2)µn(q
2; q2)n−1
(q2; q2)µ1+···+µn+n−1
.
The following assertions are proved in Ref. 8:
(a) The subalgebra (τA)0 is a commutative algebra generated by the elements Qn−1,
Qn−2, · · · , Q1.
(b) The algebra (τA)0 is isomorphic to the polynomial algebra in n− 1 commuting
indeterminates.
(c) For any polynomial p(z,w) = f(Q1, · · · , Qn−1) ∈ (τA)
0 the value h(p) is ex-
pressed in term of Jackson integral:
h(p) =
(q2; q2)n−1
(1 − q2)n−1
∫ 1
0
∫ Qn−1
0
· · ·
∫ Q2
0
f(Q1, · · · , Qn−1)dq2Q1 · · · dq2Qn−1
(the definition of Jackson integral see, for example, in Ref. 12, Chap. 1).
Now we can introduce a scalar product 〈·, ·〉 on H:
〈p1, p2〉 = h((τp1)(τp2)
∗), (31)
where a∗ determines an element conjugate to a ∈ A under action of the ∗-operation.
Proposition 7: We have Hm,m′⊥Hr,r′ if (m,m
′) 6= (r, r′).
Proof follows from the fact that (τp1)(τp2)
∗ 6∈ (τA)0 if p1 ∈ Hm,m′ , p2 ∈ Hr,r′ , and
(m,m′) 6= (r, r′).
VIII. THE PROJECTION Am,m′ → Hm,m′
Let us go back to the decomposition (20) and construct the projector
Hm,m′ : Am,m′ = Hm,m′ ⊕QAm−1,m′−1 → Hm,m′ .
We present this projector in the form
Hm,m′p =
min(m,m′)∑
k=0
αkQˆ
k∆kqp, αk ∈ C, p ∈ Am,m′ . (32)
We have to calculate values of the coefficients αk. In order to do this, we act by the
operator ∆q upon both parts of (32) and use the relation (18). Under this action,
the left hand side vanishes. Equating the right hand side to 0, we derive a recurrence
relation
qn−1[k][m+m′ + n− k − 1]αk + αk−1 = 0
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for αk which gives
αk = (−1)
kq−(n−1)k
[m+m′ + n− k − 2]!
[k]![m+m′ + n− 2]!
, (33)
where [s]! = [s][s− 1][s− 2] · · · [1] for s 6= 0 and [0]! = 1.
Note that the coefficients αk are determined by the recurrence relation uniquely up
to a constant. In (33) we have chosen this constant in such a way that Hm,m′p = p for
p ∈ Hm,m′ . This means that H
2
m,m′ = Hm,m′ .
Proposition 8: The operator Hm,m′ commutes with the action of Uq(gln), that is,
with the operators of the representation Lm,m′ of Uq(gln).
Proof: This assertion follows from the fact that the operators Lm,m′(X), X ∈
Uq(gln), commute with Qˆ and ∆q (see Proposition 2). Proposition is proved.
A polynomial ϕ of the space Hm,m′ is called zonal if it is invariant with respect to
operators Lm,m′(X), X ∈ Uq(gln−1). We shall show below that zonal polynomials can
be expressed in terms of the basic hypergeometric function 2ϕ1 which is defined by the
formula
2ϕ1(a, b; c; q, x) =
∞∑
k=0
(a; q)k(b; q)k
(c; q)k(q; q)k
xk
(see Refs. 12 and 13 for properties of this function).
Proposition 9: (a) The subspace of zonal polynomials in Hm,m′ is one-dimensional.
(b) Up to a constant, a zonal polynomial of Hm,m′ is given by the formula
ϕ′m,m′ = z
m−m′
n Q
m′
m′∑
s=0
(q−2m
′
; q2)s(q
2(m+n−1); q2)s
(q2(n−1); q2)s(q2; q2)s
Qsn−1
Qs
q2s (34)
if m ≥ m′ and by the formula
ϕ′m,m′ = Q
m
m∑
s=0
(q−2m; q2)s(q
2(m′+n−1); q2)s
(q2(n−1); q2)s(q2; q2)s
Qsn−1
Qs
q2swm
′−m
n , (35)
if m ≤ m′.
Proof: (a) As we have seen, the irreducible representation Tm,m′ of Uq(gln) with
highest weight (m, 0, · · · , 0,−m′) is realized on Hm,m′ . It is known that this represen-
tation, under restriction to Uq(gln−1), contains trivial (one-dimensional) representation
of this subalgebra with multiplicity 1. This proves the first assertion.
(b) We construct a zonal polynomial of Hm,m′ by using the projection operator
Hm,m′ . In order to do this, we have to take a polynomial p ∈ Am,m′ invariant with
respect to Uq(gln−1) and to act upon it by the operator Hm,m′ . Since the projector
Hm,m′ commutes with the action of Uq(gln−1), a polynomial obtained in this way is a
zonal polynomial. Clearly, the polynomial p = zmn w
m′
n belongs to Am,m′ and is invariant
under the action of Uq(gln−1). In order to find an expression for Hmm′(z
m
n w
m′
n ) we first
assume that m ≥ m′.
Using the second expression for ∆q in (17) and relation ∂¯nzˆn = zˆn∂¯n we have
ϕm,m′ := Hm,m′(z
m
n w
m′
n ) =
m′∑
s=0
αsQˆ
s∆sqz
m
n w
m′
n
15
= zm−m
′
n
m′∑
s=0
αsq
2(n−1)sQˆs
[m]!
[m− s]!
[m′]!
[m′ − s]!
zm
′−s
n w
m′−s
n .
Taking into account the expression for the coefficients αs and using the formulas
[s]! =
(q2; q2)s(−1)
s
(q − q−1)s
q−s(s+1)/2,
[m]!
[m− s]!
=
(q−2m; q2)s
(q − q−1)s
qms−s(s−1)/2
we obtain
ϕm,m′ = z
m−m′
n
m′∑
s=0
q2s
(q−2m; q2)s(q
−2m′ ; q2)s
(q2; q2)s(q−2(m+m
′+n−2); q2)s
Qszm
′−s
n w
m′−s
n . (36)
Using the first relation in (16) we obtain from (36) that
ϕm,m′ = Q
m′zm−m
′
n
m′∑
s=0
q2s
(q−2m; q2)s(q
−2m′ ; q2)s
(q2; q2)s(q−2(m+m
′+n−2); q2)s
(Qn−1/Q; q
−2)m′−s.
Since (see relation (II.4) from Appendix II in Ref. 12)
(Qn−1/Q; q
−2)m′−s =
m′−s∑
ν=0
q2ν
(q−2(m
′−s); q2)ν
(q2; q2)ν
Qνn−1/Q
ν,
we have
ϕm,m′ = Q
m′zm−m
′
n
m′∑
s=0
q2s(q−2m; q2)s(q
−2m′ ; q2)s
(q2; q2)s(q−2(m+m
′+n−2); q2)s
m′−s∑
ν=0
q2ν
(q−2(m
′−s); q2)ν
(q2; q2)ν
Qνn−1
Qν
= Qm
′
zm−m
′
n
m′∑
ν=0
Qνn−1
Qν
q2ν
m′−ν∑
s=0
(q−2(m
′−s); q2)ν
(q2; q2)ν
q2s(q−2m; q2)s(q
−2m′ ; q2)s
(q2; q2)s(q−2(m+m
′+n−2); q2)s
. (37)
Applying relation (I.7) and then relation (I.13) from Appendix I in Ref. 12 we find
(q−2(m
′−s); q2)ν = (−1)
νq−2m
′νqν(ν−1)
(q2m
′−2ν+2; q2)ν(q
−2m′+2ν ; q2)s
(q−2m′ ; q2)s
.
Therefore, for the sum over s in (37) (which will be denoted by Iν) we obtain the
expression
Iν = (−1)
νq−2m
′νqν(ν−1)
(q2m
′−2ν+2; q2)ν
(q2; q2)ν
m′−ν∑
s=0
(q−2m
′+2ν ; q2)s(q
−2m; q2)sq
2s
(q2; q2)s(q−2(m+m
′+n−2); q2)s
.
The sum over s here is the basic hypergeometric function
2ϕ1(q
−2m, q−2m
′+2ν ; q−2(m+m
′+n−2); q2; q2) =
q−2mm
′+2mν(q−2m
′−2n+4; q2)m′−ν
(q−2(m+m′+n−2); q2)m′−ν
,
where we used formula (II.6) from Appendix II in Ref. 12.
Therefore, for the function ϕm,m′ we have the expression
ϕm,m′ = Q
m′zm−m
′
n
m′∑
ν=0
Qνn−1
Qν
q2ν(−1)νq−2m
′νqν(ν−1)q−2mm
′+2mν
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×
(q2m
′−2ν+2; q2)ν
(q2; q2)ν
(q−2m
′−2n+4; q2)m′−ν
(q−2(m+m′+n−2); q2)m′−ν
.
By formula (I.8) of Appendix I in Ref. 12 we have
(q2m
′−2ν+2; q2)ν = (q
−2m′ ; q2)ν(−1)
νq2m
′νq−ν(ν−1)
and by formula (I.11) from Appendix I in Ref. 12 we obtain
(q−2m
′−2n+4; q2)m′−ν
(q−2(m+m′+n−2); q2)m′−ν
= q−2mν
(q−2m
′−2n+4; q2)m′
(q−2(m+m′+n−2); q2)m′
(q2(m+n−1); q2)ν
(q2n−2; q2)ν
.
For this reason, we have
Hmm′(z
m
n w
m′
n ) = ϕm,m′ = q
−2mm′ (q
−2m′−2n+4; q2)m′
(q−2(m+m′+n−2); q2)m′
Qm
′
zm−m
′
n ×
×
m′∑
ν=0
(q−2m
′
; q2)ν(q
2(m+n−1); q2)ν
(q2; q2)ν(q2(n−1); q2)ν
Qνn−1
Qν
q2ν
=
(q2(n−1); q2)m′
(q2(m+n−1); q2)m′
Qm
′
zm−m
′
n 2ϕ1(q
−2m′ , q2(m+n−1); q2(n−1); q2; q2Qn−1/Q).
This proves the second assertion of the proposition for the case m ≥ m′. The case
m < m′ is proved in the same way. Proposition is proved.
The formula
P
(α,β)
k (x; q) = 2ϕ1(q
−k, qα+β+k+1; qα+1; q; qx)
defines the so called little q-Jacobi polynomials. The zonal polynomials from Proposition
9 can be written in term of these polynomials as
ϕ′m,m′ = Q
m′zm−m
′
n P
(n−2,m−m′)
m′ (Qn−1/Q; q
2)
if m ≥ m′ and as
ϕ′m,m′ = Q
mP (n−2,m
′−m)
m (Qn−1/Q; q
2)wm
′−m
n
if m ≤ m′. Restricting these polynomials onto the quantum sphere SCq,n−1 we obtain
τϕ′m,m′ = z
m−m′
n P
(n−2,m−m′)
m′ (Qn−1; q
2)
if m ≥ m′ and as
τϕ′m,m′ = P
(n−2,m′−m)
m (Qn−1; q
2)wm
′−m
n
if m ≤ m′. These polynomials are called zonal spherical functions on the quantum
sphere SCq,n−1 and were calculated in Ref. 8 (see also Refs. 3 and 4).
IX. q-ANALOGUE OF ASSOCIATED SPHERICAL HARMONICS WITH RESPECT TO
Uq(gln−1)
It is known (see Ref. 1, Chap. 11) that in the space of classical homogeneous har-
monic polynomials on the unitary (complex Euclidean) space ECn there exist different
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orthonormal bases. They correspond to different separations of variables. Each separa-
tion of variables corresponds to a certain chain of subgroups of the unitary group U(n).
A similar picture has place for the spaces Hm,m′ of homogeneous q-harmonic polyno-
mials. We consider in this section a q-analogue of separation of variables corresponding
to spherical coordinates on the sphere SCn−1 (see Ref. 1, Chap. 11).
In the classical case, the tree method distinguishes different separations of vari-
ables. Different separations of variables are in a one-to-one correspondence with differ-
ent chains of subgroups of U(n). The same tree method can be used for q-harmonic
polynomials, but instead of chains of subgroups of U(n) we have to take the correspond-
ing chains of subalgebras of the algebra Uq(gln). A certain orthogonal basis corresponds
to such a chain of subalgebras.
The aim of this section is to construct an orthogonal basis of the space Hm,m′ of
homogeneous q-harmonic polynomials which corresponds to the chain
Uq(gln) ⊃ Uq(gln−1) ⊃ · · · ⊃ Uq(gl3) ⊃ Uq(gl2) ⊃ Uq(gl1). (38)
This basis is a q-analogue of the set of associated spherical harmonics on the complex
vector space which are products of certain Jacobi polynomials (see, Ref. 1, Chap. 11).
The basis elements give solutions of the equation ∆qp = 0 in ”separated coordinates”.
So, we obtain a q-analogue of the classical separation of variables.
Lemma 1: Let fk′(z
′) and gl′(w
′) be homogeneous polynomials of degrees k′ in z′ ≡
(z1, z1, · · · , zn−1) and of degrees l
′ in w′ ≡ (w1, w1, · · · , wn−1), respectively. Then for
any nonnegative integers k and l we have
∆q(z
k
nw
l
nfk′(z
′)gl′(w
′)) = ql−kzknw
l
n∆n−1(fk′ (z
′)gl′(w
′))
+q2(n−1)ql
′+k′ [k][l]zk−1n w
l−1
n fk′(z
′)gl′(w
′),
where ∆n−1 =
∑n−1
i=1 q
2i−2∂¯i∂i is the q-Laplace operator for the elements z
′ ≡ (z1, · · · ,
zn−1) and w
′ ≡ (w1, · · · , wn−1).
Proof: Using the relations for the operators from section III we derive
∂¯n∂nz
k
nw
l
nfk′(z
′)gl′(w
′) = q(l−k)k
′
∂¯n∂nfk′(z
′)zknw
l
ngl′(w
′)
= q(l−k)k
′
[k]∂¯nfk′(z
′)zk−1n w
l
ngl′(w
′) = q(l−1)k
′
[k]∂¯nz
k−1
n fk′(z
′)wlngl′(w
′)
= q(l−1)k
′
[k]zk−1n ∂¯nfk′(z
′)wlngl′(w
′) = q−2k
′+l(k′+l′)[k]zk−1n fk′(z
′)∂¯ngl′(w
′)wln
= q−2k
′+lk′+l′ [k][l]zk−1n fk′(z
′)wl−1n gl′(w
′) = q−k
′+l′ [k][l]zk−1n w
l−1
n fk′(z
′)gl′(w
′).
Since ∂iwˆn = qwˆn∂i + (1− q
2)wˆi∂n, i < n, and ∂n(w
l
nfk′(z
′)gl′(w
′)) = 0, we have
∂¯i∂iz
k
nw
l
nfk′(z
′)gl′(w
′) = ∂¯iz
k
n∂iw
l
nfk′(z
′)gl′(w
′) = ql∂¯iz
k
nw
l
n∂ifk′(z
′)gl′(w
′).
Using reccurently the relation ∂¯izˆn = q
−1zˆn∂¯i + (1− q
−2)q2(n−i)zˆi∂¯n, we obtain
∂¯i∂iz
k
nw
l
nfk′(z
′)gl′(w
′) = ql−kzknw
l
n∂¯i∂ifk′(z
′)gl′(w
′)
+q2(n−i)(1− q−2)ql
′+1[k][l]zk−1n w
l−1
n zˆi∂ifk′(z
′)gl′(w
′).
Thus, one has
∆n−1(z
k
nw
l
nfk′(z
′)gl′(w
′)) = ql−kzknw
l
n∆n−1fk′(z
′)gl′(w
′)
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+q2n−3(q2 − 1)ql
′
[k][l][k′]zk−1n w
l−1
n fk′(z
′)gl′(w
′),
where the relation
n−1∑
i=1
zˆi∂ifk′(z
′)gl′(w
′) =
n∑
i=1
zˆi∂ifk′(z
′)gl′(w
′) = {γ}fk′(z
′)gl′(w
′) = [k′]fk′(z
′)gl′(w
′)
has been used. From the above results and from the equality ∆q = q
2(n−1)∂¯n∂n+∆n−1,
the lemma follows.
Proposition 10: Let s and s′ be integers such that 0 ≤ s ≤ m and 0 ≤ s′ ≤ m′. Let
hs,s′(z
′,w′) be a homogeneous harmonic polynomial of degree s in z′ = (z1, z2, · · · , zn−1)
and of degree s′ in w′ = (w1, w2, · · · , wn−1). Then for z
m−s
n w
m′−s′
n hs,s′(z
′,w′) ∈ Am,m′
we have
Hm,m′(z
m−s
n w
m′−s′
n hs,s′(z
′,w′)) = zm−s−m
′+s′
n Q
m′−s′dmm
′
ss′ hs,s′(z
′,w′), (39)
where m− s ≥ m′ − s′,
dmm
′
ss′ = q
−2(m−s)(m′−s′) (q
−2m′−2s−2n+4; q2)m′−s′
(q−2m−2m′−2n+4; q2)m′−s′
×
×2ϕ1(q
−2(m′−s′), q2(m+s
′+n−1); q2(s+s
′+n−1); q2; q2Qn−1/Q),
and
Hm,m′(z
m−s
n w
m′−s′
n hs,s′(z
′,w′)) = Qm−sdmm
′
ss′ w
m′−s′−m+s
n hs,s′(z
′,w′), (40)
where m− s ≤ m′ − s′,
dmm
′
ss′ = q
−2(m−s)(m′−s′) (q
−2m−2s′−2n+4; q2)m−s
(q−2m−2m′−2n+4; q2)m−s
×
×2ϕ1(q
−2(m−s), q2(m
′+s+n−1); q2(s+s
′+n−1); q2; q2Qn−1/Q).
Proof: The proof of this proposition is similar to that of Proposition 6 and we shall
omit details. Taking into account formula (32) for the projector Hm,m′ and Lemma 1,
we obtain
Hm,m′(z
m−s
n w
m′−s′
n hs,s′(z
′,w′)) =
min(m,m′)∑
k=0
αkQ
k∆kqz
m−s
n w
m′−s′
n hs,s′(z
′,w′)
=
b∑
k=0
αkQ
kq2(n−1)kq(s+s
′)k [m− s]![m
′ − s′]!
[m− s− k]![m′ − s′ − k]!
zm−s−kn w
m′−s′−k
n hs,s′(z
′,w′),
where b = min(m− s,m′ − s′). Let m− s ≥ m′ − s′, then
Hm,m′(z
m−s
n w
m′−s′
n hs,s′(z
′,w′)) = zm−s−m
′+s′
n Q
m′−s′dmm
′
ss′ hs,s′(z
′,w′),
where
dmm
′
ss′ =
m′−s′∑
k=0
q2k
(q−2(m−s); q2)k(q
−2(m′−s′); q2)k
(q2; q2)k(q−2(m+m
′+n−2); q2)k
d∑
ν=0
q2ν
(q−2(m
′−s′−k); q2)ν
(q2; q2)ν
Qνn−1
Qν
.
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Here d = m′− s′− k. Changing the order of summations in the last expression we have
dmm
′
ss′ =
σ′∑
ν=0
(Qn−1/Q)
νq2ν
(q2; q2)ν
σ′−ν∑
k=0
q2k
×
(q−2(m−s); q2)k(q
−2(m′−s′−k); q2)ν(q
−2(m′−s′); q2)k
(q2; q2)k(q−2(m+m
′+n−2); q2)k
, (41)
where σ′ = m′ − s′. Since
(q−2(m
′−s′−k); q2)ν = q
ν(ν−1)(−q−2(m
′−s′−k))ν(q2m
′−2s′−2kq−2ν+2; q2)ν
= (−1)νqν(ν−1)q−2(m
′−s′)ν (q
2m′−2s′−2ν+2; q2)ν(q
−2m′+2s′+2ν ; q2)k
(q−2m′+2s′ ; q2)k
,
for the sum over k in (41) we have
(−1)νqν(ν−1)(q−2νq2m
′−2s′+2; q2)ν
q2(m′−s′)ν
σ′−ν∑
k=0
(q−2m
′+2s′+2ν ; q2)k(q
−2(m−s); q2)k
(q2; q2)k(q−2(m+m
′+n−2); q2)k
q2k
= aν(−1)
νqν(ν−1)q−2(m
′−s′)ν
2ϕ1(q
−2(m−s), q−2(m
′−s′)+2ν ; q−2(m+m
′+n−2); q2; q2)
= aν(−1)
νqν(ν−1)q−2(m
′−s′)ν (q
−2m′−2s−2n+4; q2)m′−s′−ν
(q−2m−2m′−2n+4; q2)m′−s′−ν
q−2(m−s)(m
′−s′−ν)
= aν
(−1)νqν(ν−1)
q2(m′−s′)ν
(q−2m
′−2s−2n+4; q2)m′−s′
(q−2m−2m′−2n+4; q2)m′−s′
(q2m+2s
′+2n−2; q2)ν
(q2s+2s′+2n−2; q2)ν
q−2(m−s)(m
′−s′),
where aν = (q
−2νq2m
′−2s′+2; q2)ν . Since
aν ≡ (q
−2νq2m
′−2s′+2; q2)ν = (−1)
νq−ν(ν−1)q2(m
′−s′)ν(q−2m
′+2s′ ; q2)ν ,
for dmm
′
ss′ we have the expression
dmm
′
ss′ = c
mm′
ss′ 2ϕ1(q
−2(m′−s′), q2(m+s
′+n−1); q2(s+s
′+n−1); q2; q2Qn−1/Q),
where
cmm
′
ss′ = q
−2(m−s)(m′−s′) (q
−2m′−2s−2n+4; q2)m′−s′
(q−2m−2m′−2n+4; q2)m′−s′
=
(q2(s+n−1); q2)m′−s′
(q2(m+n−1); q2)m′−s′
.
In the case when m − s ≤ m′ − s′, the proof is similar and we omit it. Proposition is
proved.
Remark: If n = 2, then polynomials hs,s′(z1, w1) in Proposition 10 are multiple to
elements from (21), that is, we have s = 0 or s′ = 0 or s = s′ = 0.
The expressions for dmm
′
ss′ from Proposition 10 can be represented in terms of little
q-Jacobi polynomials P
(α,β)
k (x; q) as
dmm
′
ss′ = c
mm′
ss′ P
(s+s′+n−2,m−s−m′+s′)
m′−s′ (Qn−1/Q),
if m− s ≥ m′ − s′ and as
dmm
′
ss′ = c
m′m
s′s P
(s+s′+n−2,m′−s′−m+s)
m−s (Qn−1/Q),
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if m− s ≤ m′ − s′.
We denote the expression zm−s+m
′+s′
n Q
m′−s′dmm
′
ss′ from (39) and the expression
Qm−sdmm
′
ss′ w
m′−s′+m+s
n from (40) by t
n;m,m′
s,s′ . Then
Hm,m′(z
m−s
n w
m′−s′
n hs,s′(z
′,w′)) = tn;m,m
′
s,s′ hs,s′(z
′,w′). (42)
Moreover, the space Hm,m′ can be represented as the direct sum
Hm,m′ =
m⊕
s=0
m′⊕
s′=0
tn;m,m
′
s,s′ H
(n−1)
s,s′ , (43)
where H
(n−1)
s,s′ are the corresponding spaces of homogeneous q-harmonic polynomials in
zi, wi, i = 1, 2, · · · , n − 1. To prove this, we note that the subspaces t
n;m,m′
s,s′ H
(n−1)
s,s′
pairwise do not intersect and
⊕m
s=0
⊕m′
s′=0 t
n;m,m′
s,s′ H
(n−1)
s,s′ ⊂ Hmm′ . Now the equality
(43) follows from the fact that dimensions of the spaces on the right and on the left
coincide.
To have a correspondence with the classical case, below we denote t2;m,m
′
s,s′ (in this
case s = 0 or s′ = 0) by t2;m,m
′
s if s
′ = 0 and by t2;m,m
′
−s′ if s = 0.
Taking into account the orthogonality relation (7.3.3) in Ref. 12 for little q-Jacobi
polynomials we obtain for the scalar product of tn;m,m
′
s,s′ h
(n−1)
s,s′ and t
n;m,m′
r,r′ h
(n−1)
r,r′ , h
(n−1)
p,p′ ∈
H
(n−1)
p,p′ , the expression
〈tn;m,m
′
s,s′ h
(n−1)
s,s′ , t
n;m,m′
r,r′ h
(n−1)
r,r′ 〉 = δsrδs′r′(c
mm′
ss′ )
−2bmm
′
ss′ 〈h
(n−1)
s,s′ , h
(n−1)
r,r′ 〉(n−1),
where 〈·, ·〉(n−1) is the scalar product in the space H
(n−1)
ss′ and
bmm
′
ss′ =
(1 − q2(n+s+s
′−1))q2(m
′−s′)(n+s+s′−1)(q2; q2)m−s(q
2; q2)m′−s′
(1− q2(2m+n−1))(q2(n+s+s′−1); q2)m−s(q2(n+s+s
′−1); q2)m′−s′
.
Note that a calculation of this scalar product reduces to q-integration (see Refs. 3 and
4 on calculation of q-integrals of this type).
Now we apply the decomposition (43) to the subspaces H
(n−1)
s,s′ and obtain
Hm,m′ =
m⊕
s=0
m′⊕
s′=0
s⊕
r=0
s′⊕
r′=0
tn;m,m
′
s,s′ t
n−1;s,s′
r,r′ H
(n−2)
r,r′ ,
where H
(n−2)
r,r′ are the subspaces of homogeneous q-harmonic polynomials in zi, wi, i =
1, 2, · · · , n− 2. Continuing such decompositions we obtain the decomposition
Hm,m′ =
⊕
m,m′,m1
CΞm,m′,m1(z,w),
where the polynomials Ξm,m′,m1 are given by the formula
Ξm,m′,m1(z,w) = t
n;m,m′
mn−1,m′n−1
t
n−1;mn−1,m
′
n−1
mn−2,m′n−2
· · · t
3;m3,m
′
3
m2,m′2
t
2;m2,m
′
2
m1 t
1;m1 , (44)
and the summation is over all sets of 2n − 3 integers m = (mn−1, · · · ,m2), m
′ =
(m′n−1, · · · ,m
′
2), m1 such that mi ≥ 0, m
′
i ≥ 0, i = 2, 3, · · · , n− 1, m2 ≥ m1 ≥ −m
′
2,
m ≥ mn−1 ≥ mn−2 ≥ · · · ≥ m2, m
′ ≥ m′n−1 ≥ m
′
n−2 ≥ · · · ≥ m
′
2.
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Here t
p;mp,m
′
p
mp−1,m′p−1
and t
2;m2,m
′
2
m1 are determined by formulas given above and
t1;m1 = zm11 for m1 > 0, t
1;0 = 1, t1;m1 = w−m11 for m1 < 0.
It is easy to show that the basis (44) is orthogonal with respect to the scalar product
introduced above.
At q = 1, polynomials (44) turn into the basis elements of the spaces of homogeneous
harmonic polynomials on Cn in separated coordinates determined by formulas (2) of
section 11.1.4 in Ref. 1. These classical homogeneous harmonic polynomials, restricted
to the sphere SCn−1, coincide with associated spherical functions from section 11.3 in
Ref. 1. They are matrix elements of zero column of the corresponding irreducible
representations of the group U(n).
The basis elements (44) give solutions of the equation ∆p = 0 in Hm,m′ . A repre-
sentation of solutions in the form (44) can be considered as a q-analogue of the corre-
sponding classical separation of variables.
In order to have an orthonormal basis in Hm,m′ we replace each t
n−i;mn−i,m
′
n−i
mn−i−1,m′n−i−1
in
the expression (44) for Ξm,m′,m1(z,w) by
tˆ
n−i;mn−i,m
′
n−i
mn−i−1,m′n−i−1
= c
mn−i,m
′
n−i
mn−i−1,m′n−i−1
(b
mn−i,m
′
n−i
mn−i−1,m′n−i−1
)−1/2t
n−i;mn−i,m
′
n−i
mn−i−1,m′n−i−1
.
We denote the expression (44) with such the replacement by Ξˆm,m′,m1(z,w). These
polynomials constitute an orthonormal basis of Hm,m′ .
It was shown above that the irreducible representation Tm,m′ with highest weight
(m, 0, · · · , 0,−m′) acts on the space Hm,m′ . The following assertion is true.
Proposition 11: The operators Tm,m′(ej), Tm,m′(fj) and Tm,m′(kj), corresponding
to the generating elements ej, fj , kj of the algebra Uq(gln), act upon the basis elements
Ξˆm,m′,m1 ≡ |m,m
′,m1〉 as
Tm,m′(ej−1)|m,m
′,m1〉 = A(m,m
′)|m+1j−1,m
′,m1〉+B(m,m
′)|m,m′
−1
j−1,m1〉,
Tm,m′(fj−1)|m,m
′,m1〉 = A(m
−1
j−1,m
′)|m−1j−1,m
′,m1〉+B(m,m
′+1
j−1)|m,m
′+1
j−1,m1〉,
Tm,m′(kj−1)|m,m
′,m1〉 = q
m′j−mj+mj−1−m
′
j−1 |m,m′,m1〉,
where
A(m,m′)
=
(
[mj −mj−1][m
′
j +mj−1 + j − 1][mj−1 −mj−2 + 1][mj−1 +m
′
j−2 + j − 2]
[mj−1 +m′j−1 + j − 2][mj−1 +m
′
j−1 + j − 1]
)1/2
,
B(m,m′)
=
(
[m′j −m
′
j−1 + 1][mj +m
′
j−1 + j − 2][m
′
j−1 −m
′
j−2][m
′
j−1 +mj−2 + j − 3]
[mj−1 +m′j−1 + j − 2][mj−1 +m
′
j−1 + j − 3]
)1/2
,
mn ≡ m, m
′
n ≡ m
′, m±1j denotes the set of the numbers mj−1 with mj−1 replaced by
mj−1 ± 1, respectively.
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A proof of this proposition is awkward. Since it is similar to that of Theorem 1 in
Ref. 5, we omit it.
X. q-ANALOGUE OF ASSOCIATED SPHERICAL HARMONICS WITH RESPECT TO
Uq(glp)× Uq(gln−p)
In section IX we found an orthogonal basis of the space Hmm′ of homogeneous q-
harmonic polynomials corresponding to the chain of subalgebras (38). In this section
we shall find orthogonal bases of the same space corresponding to the reductions
Uq(gln) ⊃ Uq(glp)× Uq(gln−p) ⊃ · · · . (45)
In the classical case (see Ref. 1, Chap. 11), further reductions can be made taking
any chain of subgroups of the groups U(p) and U(n− p). In particular, the usual tree
method (see Ref. 1, section 10.2) can be used to describe different chains of these
groups corresponding to different orthogonal bases of Hmm′ . In our case, there are
some difficulties with construction of orthogonal bases corresponding to any chain of
subalgebras in (45). For this reason, we construct orthogonal bases corresponding to
the case, when we take chains of the type (38) for the subalgebras Uq(glp) and Uq(gln−p)
in (45).
We represent the set (z,w) = (z1, · · · , zn;w1, · · · , wn) as (y, t), where y = (z1, z2, · · ·,
zp, w1, w2, · · · , wp) and t = (zp+1, · · · , zn, wp+1, · · · , wn). Then the q-Laplace operator
∆q can be written as
∆q = ∆(y) +∆(t), (46)
where
∆(y) = ∂1∂¯1 + · · ·+ ∂p∂¯p, ∆(t) = ∂p+1∂¯p+1 + · · ·+ ∂n∂¯n =
n−p∑
i=1
q2(i−1)∂¯p+i∂p+i. (47)
The operator ∆q can be also represented as
∆q = ∆ˆ(y) + q
2p∆(t),
where
∆ˆ(y) = ∂¯1∂1 + q
2∂¯2∂2 + · · ·+ q
2(p−1)∂¯p∂p. (48)
We have
∆(y) − ∆ˆ(y) = (1− q
2p)∆(t). (49)
In order to find bases of Hm,m′ corresponding to the reduction (45) we take non-
negative numbers r, r′, s, s′ such that
u := m− r − s = m′ − r′ − s′ ≥ 0.
We wish to find a harmonic projection of the polynomials
Quyhs,s′(t)hr,r′(y) ∈ Amm′ , hs,s′(t) ∈ H˜
(t)
ss′ , hr,r′(y) ∈ H
(y)
r,r′ , (50)
where Qy := z1w1 + · · · + zpwp, H
(y)
r,r′ is the space of homogeneous q-harmonic poly-
nomials in y = (z1, z2, · · · , zp, w1, w2, · · · , wp), and H˜
(t)
s,s′ is the space obtained in the
following way. We take the space H
(n−p)
s,s′ of homogeneous q-harmonic polynomials in
(z1, · · · , zn−p, w1, · · · , wn−p) and, using the relations between zi and wj , represent each
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its polynomial in such a form that in each of its summands (monomials) the elements
z1, · · · , zn−p stand before the elements w1, · · · , wn−p. Then we replace z1, · · · , zn−p, w1,
· · ·, wn−p by zp+1, · · · , zn, wp+1, · · · , wn, respectively, in each of these polynomials. The
space of these polynomials in zp+1, · · · , zn, wp+1, · · · , wn is denoted by H˜
(t)
ss′ .
Lemma 2: Polynomials P of H˜
(t)
s,s′ satisfy the conditions ∂iP = 0, ∂¯iP = 0, i =
1, 2, · · · , p.
Proof: Fulfillment of the conditions ∂iP = 0, i = 1, 2, · · · , p, follow from the con-
struction of polynomials of the space H˜
(t)
s,s′ . In order to prove the fulfillment of the
conditions ∂¯iP = 0, i = 1, 2, · · · , p, we note that according to formulas (8) and (9) the
space H˜
(t)
s,s′ is elementwise invariant with respect to the subalgebra Uq(glp). Moreover,
this space is invariant and irreducible with respect to the subalgebra Uq(gln−p) acting
on t.
Now we rearrange elements zp+1, · · · , zn, wp+1, · · · , wn in each of polynomials of H˜
(t)
s,s′
such that in each summand (monomial) elements wp+1, · · · , wn stand before the ele-
ments zp+1, · · · , zn. We denote the space H˜
(t)
s,s′ with this rearrangement in polynomials
by L
(t)
s,s′ . Because of elementwise invariance with respect to Uq(glp), the space L
(t)
s,s′ can
be represented as a direct sum
L
(t)
s,s′ = Rs,s′ ⊕QyRs−1,s′−1 ⊕Q
2
yRs−2,s′−2 ⊕ · · · , (51)
where Rs−j,s′−j denote the space of homogeneous polynomials in which wp+1, · · · , wn
stand before zp+1, · · · , zn. Due to formulas (8) and (9), the spaces Rs−j,s′−j are in-
variant with respect to Uq(gln−p). However, the representation of Uq(gln−p) on L
(t)
s,s′
is irreducible. Therefore, the decomposition (51) contains only one summand and
L
(t)
s,s′ = Rs,s′ . It is clear that for elements ofRs,s′ the conditions ∂¯iP = 0, i = 1, 2, · · · , p,
are fulfilled. Lemma is proved.
Corollary 1: Elements P of the space H˜
(t)
s,s′ satisfy the relation ∆(t)P = 0.
Corollary 2: Elements P of the space H˜
(t)
s,s′ are q-harmonic, that is, ∆qP = 0.
Corollary 1 follows from (47)–(49). Corollary 2 follows from Corollary 1 and formula
(46).
Lemma 3: For polynomial hs,s′(t) ∈ H˜
(t)
s,s′ and arbitrary polynomial f(y) we have
∆ˆ(y)hs,s′(t)f(y) = q
s−s′hs,s′(t)∆ˆ(y)f(y).
Proof: We first prove the relations ∂ihs,s′(t)f(y) = q
s′hs,s′(t)∂if(y), i = 1, · · · , p.
The polynomial hs,s′(t) can be represented in the form of a linear combination of
monomials z
kp+1
p+1 · · · z
kn
n w
ln
n · · ·w
lp+1
p+1 , where kp+1+ · · ·+kn = s, lp+1+ · · ·+ ln = s
′. We
have
∂iz
kp+1
p+1 · · · z
kn
n w
ln
n · · ·w
lp+1
p+1 f(y) = z
kp+1
p+1 · · · z
kn
n (∂iw
ln
n · · ·w
lp+1
p+1 f(y))
= qs
′
z
kp+1
p+1 · · · z
kn
n w
ln
n · · ·w
lp+1
p+1 (∂if(y)),
where the relation ∂jf(y) = 0 and relations from section III were used. It proves
our relations. We analogously prove the relations ∂¯ihs,s′(t)f(y) = q
−shs,s′(t)∂¯if(y),
i = 1, · · · , p. In this case, it is useful to represent the polynomial hs,s′(t) in the form
of a linear combination of monomials w
lp+1
p+1 · · ·w
ln
n z
kn
n · · · z
kp+1
p+1 (such representation is
possible due to Lemma 2). Now the lemma follows from explicit formula for ∆ˆ(y).
Lemma is proved.
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Since ∆(t)
(
Quyhs,s′(t)hr,r′(y)
)
= 0, then using Lemma 3 and relation (18) with n
replaced by p we have
∆q
(
Quyhs,s′(t)hr,r′(y)
)
= ∆ˆ(y)
(
Quyhs,s′(t)hr,r′(y)
)
= qahs,s′(t)∆(y)Q
u
yhr,r′(y)
= qa[u][p+ u+ r + r′ − 1]
(
Qu−1y hs,s′(t)hr,r′(y)
)
,
where a = 2(s− s′)u+ s′ − s.
Now we may find a harmonic projection of the polynomials (50). Denoting this
projection by h
(r,r′;s,s′)
m,m′ (z,w) we have
h
(r,r′;s,s′)
m,m′ (z,w) =
min (m,m′)∑
k=0
αkQ
k∆kq
(
Quyhs,s′(t)hr,r′(y)
)
=
(
u∑
k=0
αkQ
kq(s−s
′+p−1)k [u]![r + r
′ + p+ u− 1]!
[u− k]![r + r′ + p+ u− k − 1]!
Qu−ky
)
hs,s′(t)hr,r′(y),
where αk is determined by formula (33). Denoting the expression in the parentheses by
tn,p;m,m
′
r,r′;s,s′ (Qy, Qt), we have
h
(r,r′;s,s′)
m,m′ (z,w) = Hm,m′
(
Qm−r−sy hs,s′(t)hr,r′(y)
)
= tn,p;m,m
′
r,r′;s,s′ (Qy, Qt)hs,s′(t)hr,r′(y).
(52)
After some simple transformations, we obtain for tn,p;m,m
′
r,r′;s,s′ (Qy, Qt) the expression
tn,p;m,m
′
r,r′;s,s′ (Qy, Qt) = Q
u
y
u∑
k=0
(q−2u; q2)k(q
−2(r+r′+p+u−1); q2)k
(q−2(m+m′+n−2); q2)k(q2; q2)k
qkσQkQ−ky ,
where σ = −2n− 2s′ +2+ 2p. Taking into account the definition of the basis hyperge-
ometric function 2ϕ1, we derive
tn,p;m,m
′
r,r′;s,s′ (Qy, Qt) = Q
u
y 2ϕ1(q
−2u, q−2(r+r
′+p+u−1); q−2(m+m
′+n−2); q2, QQ−1y q
σ).
Applying the relation
2ϕ1(q
−n, b; c; q, z) = q−(n+1)n/2(−z)n
(b; q)n
(c; q)n
2ϕ1(q
−n, q1−n/c; q1−n/b; q, cqn+1/bz)
(see, for example, formula (2) of Section 14.1.8 in Ref. 14) we reduce this expression to
tn,p;m,m
′
r,r′;s,s′ (Qy, Qt) = (−q
σ)uq−(u+1)u
(q−2(r+r
′+p+u−1); q2)u
(q−2(m+m′+n−2); q2)u
Qu
×2ϕ1(q
−2u, q2(m+m
′+n−u−1); q2(r+r
′+p); q2, q−2s+2Qy/Q).
Using the definition of the little q-Jacobi polynomials, we derive from here that
tn,p;m,m
′
r,r′;s,s′ (Qy, Qt) = (−q
σ)uq−(u+1)u
(q−2(r+r
′+p+u−1); q2)u
(q−2(m+m′+n−2); q2)u
Qu
×P (r+r
′+p−1,s+s′+n−p−1)
u (q
−2sQy/Q; q
2). (53)
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Thus, we proved that the projection Hm,m′
(
Qm−r−sy hs,s′(t)hr,r′(y)
)
is given by formula
(52), where tn,p;m,m
′
r,r′;s,s′ is determined by (53). The restriction τh
(r,r′;s,s′)
m,m′ (z,w) of this
projection onto the quantum sphere SCq,n−1 is given by
τh
(r,r′;s,s′)
m,m′ (z,w) = (τt
n,p;m,m′
r,r′;s,s′ )(Qy)hs,s′(t)hr,r′(y),
where (τtn,p;m,m
′
r,r′;s,s′ )(Qy) = cP
(r+r′+p−1,s+s′+n−p−1)
u (q−2sQy/Q; q
2) (c is the multiplier
from the right hand side of (53)).
For the scalar product of polynomials of the form (52) we have
〈h
(r,r′;s,s′)
m,m′ , h
(r′′,r′′′;s′′,s′′′)
m,m′ 〉 = 0 if (r, r
′, s, s′) 6= (r′′, r′′′, s′′, s′′′)
(since the spaces H
(y)
r,r′ and H
(y)
r′′,r′′′ and the spaces H˜
(t)
s,s′ and H˜
(t)
s′′,s′′′ are orthogonal).
If (r, r′, s, s′) = (r′′, r′′′, s′′, s′′′), then the norm of the polynomial (52) reduces to the
orthogonality relation for q-Jacobi polynomials and to norms of hs,s′(t) and hr,r′(y).
In order to obtain a q-analogue of separation of variables in this case we have to
take bases of the spaces H
(y)
r,r′ and H˜
(t)
s,s′ in separated coordinates (as it was made in
section IX).
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